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Abstract: In this paper, topology optimization is 
applied to optimize the cooling performance of 
thermal heat sinks. The coupled two-dimensional 
thermofluid model of a heat sink cooled with 
forced convection and a density-based topology 
optimization including density filtering and 
projection are implemented in COMSOL 
Multiphysics. The optimization objective is to 
minimize the heat sink’s temperature for a 
prescribed pressure drop and fixed heat 
generation. To conduct the optimization, 
COMSOL’s Optimization Module with 
GCMMA as the optimization method is used. 
The implementation of this topology 
optimization approach in COMSOL 
Multiphysics is described in this paper and 
results for optimized two-dimensional heat sinks 
are presented. Furthermore, parameter studies 
regarding the effect of the prescribed pressure 
drop of the system on Reynolds number and 
realized heat sink temperature are presented and 
discussed. 
 
Keywords: Topology optimization, thermofluid 
modeling, heat sink, forced convection, PDE 
filter. 
 
1. Introduction 
 

Topology optimization is becoming 
increasingly popular as a design method for 
multiphysics systems in general and thermofluid 
systems in particular [1,2]. Traditional designs 
are based either on engineering intuition or on 
trial and error approaches. In contrast, topology 
optimization [3] provides a systematic way to 
account for the complex environment in the 
design process and therefore can yield 
unintuitive designs. 

The focus of the work is to describe the 
implementation of the three-field density-based 
topology optimization model [4] in COMSOL 
Multiphysics. The three-field model resembles 
many micro- and nano- scale production 
processes [5,6] and provides a base for 
considering manufacturing uncertainties [4] in 
the optimization. 

In density-based topology optimization, the 
algorithm determines the optimal distribution of 
a material in a given design domain. In the 
specific case considered in this paper, solid heat 
sink material is distributed in order to minimize a 
selected objective. The rest of the domain is 
occupied with a cooling fluid. The material 
distribution is modeled with the help of a density 
field which takes the value 1 if a point is 
occupied with fluid and 0 if a point is occupied 
with solid. In order to utilize gradient-based 
optimization methods, the material distribution 
problem is relaxed to take values between zero 
and one. 

Topology optimization of thermofluid 
systems has been presented for example in 
[7,8,9,10] for forced convective heat transfer, 
and in [11] for natural convection problems. In 
this paper, the topology optimization of heat 
sinks cooled with forced convection is presented. 
The heat sink is used to cool a surface with a 
constant heat production and the pressure drop in 
the fluid is constrained. The optimization 
objective is the minimization of the solid plate 
temperature of the heat sink. This objective 
combined with the pressure drop constraint 
yields an interesting optimization problem from 
an engineering point of view. 

The thermofluid modeling is described in 
section 2 and a brief introduction to the applied 
topology optimization method including density 
filtering and projection is given is section 3. 
Section 4 is concerned with the model and 
optimization implementation in COMSOL 
Multiphysics. The optimization results are 
presented in section 5. Optimized heat sink 
structures and the corresponding temperature and 
fluid velocity distributions are depicted as well 
as parameter studies regarding the cooling effect 
and the system’s Reynolds number dependency 
of the prescribed pressure drop. 
 
2. Thermofluid Modeling and Governing 
Equations 
 

In the following sections, the thermofluid 
modeling of the system is presented. The basic 
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idea of the 2D modeling of the forced convection 
heat sink is shown in (Figure 1). Details about 
the COMSOL Multiphysics implementation of 
the model are described in section 4. 
 
 

 
Figure 1. Sketch of the modeled forced convection 
heat sink in 3D and 2D. 

 
2.1 Fluid Dynamics Modeling 
 

The fluid dynamics are modeled under the 
assumption of a stationary laminar flow with an 
incompressible fluid. Furthermore, a 2D fluid 
flow is assumed which can be motivated by 
stating that the heat sink fins are much longer 
than the solid base plate. This leads to the 2D 
Navier-Stokes equation (1) and continuity 
equation (2). 
 

௙௟ߩ ⋅ ሺ࢛ ⋅ ࢛ሻ׏ ൌ െ݌׏ ൅ ሻ࢛ଶ׏ሺߤ ൅  (1) ࡲ
 

׏௙௟ሺߩ ⋅ ሻ࢛ ൌ 0 (2) 
 

In the Navier stokes equation a Brinkman 
friction term (equation (3)) is introduced to 
penalize fluid velocities inside the solid material 
in the design domain. Outside the design domain 
this term is omitted so that the Navier-Stokes 
equation describes normal fluid flow. 
 

ሻߛሺࡲ ൌ െߙ
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 (3) ࢛

 
Where γ is the design variable and the used 
interpolation is given in [11] which is a slightly 
modified version of the original interpolation 
used in [12]. The parameter bα determines the 
convexity of the interpolation. In all 

interpolations used in this work γ=0 corresponds 
to solid and γ=1 corresponds to fluid. 
 
2.2 Heat Transfer Modeling 
 

The heat transfer in the fluid outside the 
design domain is modeled according to equation 
(4). Equation (5) describes the modeling of the 
heat transfer within the design space which 
includes an interpolation of the thermal 
conductivity based on γ. The conductive heat 
transfer in the solid plate is stated in equation 
(6). 
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Where the parameters dzfl and dzs describe the 
respective thickness of the fluid layer and the 
solid plate. 

The heat transfer between the design domain 
layer and the solid plate base layer is modeled by 
a heat flow having the mathematical structure of 
convective heat transport with a variable heat 
transfer coefficient. This allows to model high 
heat flow into the design domains in case of 
solid, low heat flow in the case of fluid, and 
interpolations in between. The case of solid 
represents high conductive heat flow from the 
base plate layer into the heat sink’s fins and the 
low heat flow for fluid represents a purely 
convective heat transfer from the solid base layer 
into the fluid layer. A similar idea of a thermal 
base layer and a fluid-thermal design layer with 
heat transfer in between, however implemented 
in a different way than in this work, was 
presented in [13]. The heat transfer term utilized 
in this model is defined as follows: 
 

௖௢௡௩ሺγሻݍ ൌ h௠௜௡ܫ௛ሺߛሻ	ሺTୱ െ T୤୪ሻ	 (7) 
 
The interpolation function for the thermal 
conductivity and the heat transfer is a RAMP-
style function as used in [11] and originally 
presented in [14]. The formula is stated in 
equation (8). 
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For both thermal conductivity and heat transfer 
interpolations respective parameters bk and bh 
determine the convexity of the interpolation 
function in equation (8). The parameter Ci in 
equation (8) is defined by equation (9) for the 
conductivity interpolation and by equation (10) 
for the heat transfer interpolation. 
 
3. Topology Optimization 
 
3.1 Problem Formulation 
 

The considered optimization objective is to 
minimize the average temperature of the solid 
plate with heat production which depends 
implicitly on the design variable field γ and the 
system’s state variables s. Thus, the topology 
optimization problem can be defined in the 
following way: 
 

min.: 	 ௦ܶ,௔௩௘௥௔௚௘ሺࢽ,    ሻ࢙

s.t.: ࢘ሺࢽ, ሻ࢙ ൌ ૙  (11) 

 0 ൑ ௜ߛ	 ൑ 1 i=1,…,n  

 
Where r(y,s) is the residual of the discretized 
system of state equations that are described in 
section 2. Apart from the indicated constraints, 
no additional constraints need to be imposed 
since system constraints such as the prescribed 
pressure drop are already considered in the 
thermofluid model. 
 
3.2 Filter and Projection 
 

A density filter should be used in fluid-
thermal topology optimization to avoid problems 
with ill-posedness of the optimization problem 
and to introduce a minimum length-scale into the 
design. In this work, a Helmholtz-type PDE filter 
[15] is used since it allows for a computationally 
efficient density filtering and can be easily 

implemented in COMSOL Multiphysics. The 
filter PDE is given by 
 

െݎ௙ଶ׏ଶߛ෤ ൅ ෤ߛ ൌ  (12) ߛ
 
where rf is the filter parameter. A drawback of 
density filtering is the inherent introduction of a 
band with intermediate densities between the 
solid and fluid regions. This band can be reduced 
by projecting the filtered design variable field 
towards 0 and 1, thus obtaining a design with 
sharper transitions from fluid to solid. For this 
purpose, a smoothed Heaviside projection [4] is 
used which is defined as: 
 

ప෥ഥߛ ൌ
tanhሺߟߚሻ ൅ tanh	ሺߚሺߛప෥ െ ሻߟ

tanhሺߟߚሻ ൅ tanh൫ߚሺ1 െ ሻ൯ߟ
 (13) 

 
Where η is a threshold parameter and β 
determines the steepness of the projection. It 
should be stated that the projected γ෤ത field 
becomes the physically meaningful one that 
is used in the interpolation functions which 
are presented in chapter 2. 
 
4. Use of COMSOL Multiphysics 
 

Within the presented studies, air is used as 
fluid and copper as heat sink material. 
COMSOL’s Material Library is used to define 
the material properties. A symmetry condition is 
imposed along the axial center line so that the 
problem size is halved. The basic dimensions of 
the topology optimization model are indicated in 
Table 1. 
 

Table 1: Basic dimensions of the topology 
optimization model. 

Length channel 5.5 mm 
Length design domain and solid plate 1.5 mm 
Width channel and solid plate 4 mm 
Height channel 10 mm 

 

4.1 Multiphysics Implementation 
 

Systems with Reynolds numbers up to 150 
are considered in the analysis, thus the fluid flow 
is laminar. Therefore, COMSOL’s Laminar Flow 
physics interface is used to solve the fluid 
mechanical system stated in equation (1) and 
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equation (2). The pressure difference between 
inlet and outlet is fixed and a no slip condition is 
imposed at the channel side. A first order 
discretization is used for the velocity and 
pressure field and pseudo-time stepping is 
enabled to increase the robustness of the solver. 

The heat transport problem which is stated by 
equation (4), (5), and (6) is implemented in the 
Heat Transfer Module. The fluid’s temperature at 
the inlet is fixed to 290 K and a total heat 
production of either 0.025 W or 0.05 Watt is set 
in the solid plate. Thermal insulation is modeled 
on the channel wall. For both the fluid and the 
solid temperature field, a linear discretization is 
used. To reduce the computational complexity, 
the fluid mechanics solution was decoupled from 
the heat transfer equations. Therefore, only the 
heat transfer solution depends on the fluid 
velocity field but the velocity field is determined 
under the assumption of a constant fluid 
temperature. This assumption should be a 
legitimate approximation since the changes of 
the fluid temperature are smaller than 20 K in the 
analyzed system. 
 
4.2 Implementation of Topology Optimization 
 

The topology optimization is implemented 
within the Optimization Module using an 
element-wise constant design variable field. The 
interpolation functions for the friction force, 
thermal conductivity, and out-of-plane heat 
transfer being stated in equation (3) and (8) are 
implemented in COMSOL as variables 
depending on the design variable field. 

COMSOL’s Coefficient Form PDE interface 
is used to implement the PDE filter described in 
equation (12) and a linear discretization is 
chosen for the filtered design variable field. The 
threshold parameter is set as 0.5 and the filter 
parameter is set as 1.5 times the minimum mesh 
size to avoid numerical instabilities which can 
occur with smaller filter radii. Zero flux 
boundaries are set for the filter PDE at the 
symmetry line and the outside border of the 
channel. At the remaining boundaries, a design 
variable value of one which corresponds to pure 
fluid is enforced which prevents solid from being 
“glued” to the design domain boundaries. The 
projection of the filtered field stated in equation 
(13) is realized with an analytical function in 
COMSOL. 

The optimization is conducted using the 
GCMMA optimization method [16]. During the 
optimization, the convexity parameters of the 
interpolation functions and the steepness 
parameter of the projection are ramped as 
needed. This continuation approach [17] is 
conducted to obtain a more convex optimization 
problem at the beginning and to subsequently 
increase the penalization of intermediate 
densities during the optimization. COMSOL’s 
LiveLink for MATLAB is used to automate the 
parameter ramping within a MATLAB script. 
 
5. Results and Discussion 
 

The design variable field of the optimized 
heat sink is shown in (Figure 2) for a prescribed 
pressure drop of 0.75 Pa and a total heat 
production of 0.05 W in the solid plate 
(corresponding to a heat flux of 8333 W/m2). It 
can be seen that the topology optimization 
generated a structure with four fins and three 
fluid channels. Moreover, it should be noted that 
the fins have small bumps which presumably 
enhance the heat transfer into the fluid. The 
corresponding velocity magnitude distribution 
and streamlines of the velocity field are depicted 
in (Figure 3). (Figure 4) shows the corresponding 
temperature distribution in the fluid design layer. 
 

 
Figure 2. Design variable field of optimized heat sink. 
A density of 0 indicates solid material and 1 indicates 
flow passages. 
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Figure 3. Fluid velocity magnitude (m/s) and 
streamlines for optimized heat sink. 
 

 
Figure 4. Temperature distribution (K) for optimized 

heat sink. 

 
A parameter study showing the optimized 

heat sink’s solid plate temperature plotted 
against the prescribed system pressure drop is 
shown in (Figure 5). Two heat production rates 
of 0.025 W and 0.05 W are included in the study. 
For both heat production rates, the solid plate’s 
temperature decreases monotonously with 
increasing pressure drop. (Figure 6) depicts the 
dependency of the optimized system’s Reynolds 
number of the prescribed pressure drop. The 
channel width was used as the characteristic 
length for the Reynolds number, and the average 
velocity at the inlet was used as the characteristic 
velocity. The Reynolds number increases with 
increasing pressure drop and maximum 
Reynolds numbers of around 140 are reached. 
The Reynolds number decrease between the 
pressure drop of 1 Pa and 1.25 Pa for a heat 
production of 0.025 W and between the pressure 
drop of 0.75 Pa and 1 Pa for a heat production of 
0.05 W is explained by the addition of a new fin 

to the system. Thereby, the cooling performance 
is increased but the system operates with a lower 
volume flow and thus a lower Reynolds number. 
 

 

 
Figure 5. Solid plate temperature of optimized heat 
sink plotted against prescribed system pressure drop. 
 
 

 
Figure 6. Reynolds number of optimized structures 
plotted against prescribed system pressure drop. 

 
6. Conclusions 
 

A 2D heat sink model with constant heat 
production and a three-field density-based 
topology optimization were implemented in 
COMSOL Multiphysics. The topology 
optimization was used to minimize the heat 
sink’s temperature for a prescribed pressure drop 
and given heat production. Therefore, this work 
demonstrates that topology optimization of 
complex multiphysics systems can be 
implemented with comparatively little effort in 
COMSOL. 

In a future work, transient and 3D validation 
simulations without symmetry condition will be 
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conducted with the optimized geometries to 
judge the physical validity of the obtained 2D 
optimization results. 
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