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Abstract: A model for numerically obtaining 
lamb wave modes and dispersion curves in 
plates is presented. It is shown that COMSOL 
Multiphysics can be employed to simulate the 
behavior of guided waves in dispersive plates, 
which is useful for NDE applications. 
The simulation results will be used to obtain a 
time-offset acceleration profile where the 
dispersive lamb modes of propagation are 
implied. The MASW (Mutichannel analysis of 
surface waves) is then employed for data 
processing making explicit the presence and 
character of the lamb different propagation 
modes. The curves are then interpreted. The 
link between MATLAB and COMSOL for 
transforming the simulation in interpretable 
curves is very convenient for routine 
comparison between numerical and analytical 
or experimental solutions. 
 
Keywords: Lamb waves, Dispersion curves, 
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1. Introduction 
 

The dispersive behavior of different 
structural elements is very interesting in NDE 
applications. Specifically, in acoustic 
evaluation where a stratified media is 
presented, techniques like Impact-Echo 
method (Sansalone, 1985) is not enough for 
studying the thickness of different layers.  

 
The reason of the above is that, across the 

plates, different frequency components of the 
input signal travels at different velocities 
(Graff, 1975). Thus, the idea of a specific 
frequency traveling up and down across the 
thickness of the plate makes no sense because 
guided waves phenomena grow up in the layer.  

 
The behavior of guided waves in plates 

was first studied by Lamb (1905). Since then, 
many researchers have been working in this 
field over years. Recently works (Ryden, 
2004) (Park, 2000) have shown how to 
combining spectral analysis and dispersive 
phenomena to determinate thickness and 
velocity profiles in stratified media. 

 

In this paper we are going to use Comsol 
Multyphisics to generate pseudo-experimental 
data which can be analyzed over the MASW 
(Multichannel Analysis of surface waves) 
method for getting dispersion curves. A 
Matlab code is then employed for data 
processing showing how Comsol can be very 
useful for the study of guided waves in plates 
and for comparison with the experimental data. 

 
2. Lamb Waves 
 

As we said, Lamb derived the dispersion 
relation for different waves traveling across the 
plane of a free plate. According to him, only 
some frequency-velocity pairs can propagate 
through it. This pairs can be obtained from the 
dispersion relations: 
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In the expressions above, ݄ is the thickness 

of the plate, ߱ the angular frequency, ݇ the 
wave number and ௣ܸ and ௦ܸ the compression 
and shear wave velocities respectively. 
Equations (1) and (2) predict two different 
modes of propagation. One of them is 
symmetric (1) and the other antisymmetric (2). 
These modes propagate across the midplane of 
the plate (Figure 1). 

 
Two fundamental modes ܣ଴ and ܵ଴ and the 

corresponding higher order modes can be seen 
in Figure 1. From the dispersion curves shape, 
Lamb predicted four different waves in the 
plate: the bending wave, shear wave, quasi 
longitudinal wave and Rayleigh wave. In the  
high frequencies limit, Figure 1 shows all that 



of them travel at the Rayleigh wave velocity 
and at the shear wave velocity. 

 
 

Figure 1. Normalized dispersion curves for a free 
plate (Ryden Thesis, 2004). 

 
. 
 

3. Multichannel Analysis of Surface 
Waves (MASW) 
 

Different surface waves analysis methods 
for getting experimental dispersion curves 
have been performed over the years. MASW 
method is one of them and we are going to 
explain its basis here. 

 
Taking into account the features of the two 

dimensional Fourier Transform (2DFFT), the 
spatial and temporal variables can be related 
with the spatial and temporal frequencies and 
thus, obtain the experimental dispersion curves 
(because the phase velocity is the ratio 
between both). To do that, a large number of 
receivers located at the surface plate are 
necessary. The receivers record the 
acceleration field generated by an excitation 
signal (in general a hammer impact, Figure 2). 
The distance between each receiver must be 
the same and, it should be chosen according 
the Nyquist criteria for the spatial frequency. 
Since the spatial frequency is related with the 
minimum wavelength, an estimation of it will 
be necessary for instance, with the 
compression wave velocity of the plate. From 
the above, one can chose the distance between 
receivers and the length over the surface which 
is going to be evaluated.  

 
 

Figure 2. MASW experience scheme. 
 
Similar considerations made for the spatial 

sampling are also necessary for temporal 
sampling and good frequencies detection. 

 
Under Figure 2 configuration, an x-t 

profile can be measured. This profile defines a 
two dimensional function 
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The Fourier transform with respect to the 

time variable can be written as 
 
,ݔሺܩ         ߱ሻ ൌ ,ݔሺ݃׬  (4)    ݐሻ݁ି௜ఠ௧݀ݐ
 
The function ܩሺݔ, ߱ሻ can be now 

considered as a product of two different terms. 
The amplitude and the phase spectrums 
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The amplitude spectrum ܣሺݔ, ߱ሻ contains 

information related with the attenuation and 
spherical divergence, however, the phase 
spectrum ܲሺݔ, ߱ሻ contains all information 
about the dispersion properties (park et al, 
2001). Therefore we have 
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Where ߠ ൌ  ௣௛, is the ratio betweenݒ/߱

frequency and phase velocity. Applying now 
the Fourier Transformation to the spatial 
coordinate we get 
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The function ܶሺ߱, ߶ሻ is a two dimensional 

function obtained from 2DFT. For a given 
frequency ߱, ܶሺ߱, ߶ሻ will be maximum if 
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And thus, the phase velocity can be 

determined from the transformed variables. 
The function ܶሺ߱, ߶ሻ is very useful because its 
Amplitude contains the information about 
which pairs of transformed variables transport 
the most energy. Then, with the chang new 
variables (8) we obtain an intensity function 
,௣௛ݒሺܫ ߱ሻ which will have picks over the 
dispersion curves predicted for the plate. 

 



Because of  the above, MASW method can 
be used to obtained dispersion curves derived 
from experimental data, plotting and image of 
the function ܶ we get the k-f representation 
and then, doing the change variables, we 
perform finally the vph-f representation. 

 
 

3. Use of COMSOL Multiphysics  
 

The experimental procedure in MASW 
method needs to apply a suddenly force and to 
record the acceleration in different points of 
the surface plate. Taking into account the 
elastic nature of the body, the Solid Mechanics 
Module of Comsol is used to solve the time 
dependent problem. This kind of study allows 
solving the elasticity equations for a linear 
elastic solid in the time domain.  

 
A 2D model has been performed 

simulating the cross section of a steel plate 
(4x0.1 m). We have as Local Model 
Definitions 40 acceleration probes (measuring 
the y axis acceleration component) located on 
the surface plate. A point on the surface has 
been defined to locate the impact source. All 
distances included are shown in Figure 3 

 
 

 
Figure 3. Simulation configuration 
 

According with Sansalone (1985) the 
impact has been simulated with a sine pulse 
force applied to the surface. Different 
experiences with a steel plate showed us that 
the duration of a hammer impact on the steel 
surface rounds 200 microseconds (Figure 4). 
Due to it, as last Local Definitions, a sine 
function was included. 
 

A point load equal to the sine function 
defined above is acting only during the first 
200 microseconds.   Finally, we have used a 
triangular mesh for our domain. 

 
The Nyquist criteria apply to our receiver 

spacing (5cm), gives us a minimum 
wavelength ߣ௠௜௡ ൌ 10ܿ݉. Moreover, the time 
dependent solver has been set up manually, 
forcing the solver to evaluate solutions from 

10 to 10 microseconds, which give us a 
sampling frequency ௦݂ ൌ  Figure 1 .ݖܪ50݇
indicates one frequency value above all ܣ଴ and 
ܵ଴ frequencies travels at Rayleigh wave 
velocity. The physical reason for this is that 
the high frequencies, which correspond with 
low wavelengths, are not able to “see” the 
bottom of the plate and, therefore, travels at 
Rayleigh wave velocity as if the medium was a 
half-space. Our temporal and spatial sampling 
criteria have been chosen according with the 
above consideration for see, at least, this 
frequency value. Finally, the simulation time 
has been 4 ms, which is enough for detecting 
all phenomena imply in the process. 

 
 

 
Figure 4. Temporal sine pulse used for simulating 
the impact point force applies to the surface plate. 

 
The material properties used in the model 

are shown in Table 1 
 

Density Compression 
wave velocity 

Shear wave 
velocity 

8030(kg/m3) 5659 (m/s) 3120 (m/s) 
 
Table 1: steel plate elastic constants used. 

 
The signals obtained with the model will 

be then employed in a post-processing data 
over Matlab code develops on the basis of 
MASW method.  

 
 

4. Results and discussion 
 

 While the model is running, the maximum 
and minimum displacement zones created in 
the plate due to the dispersive Lamb waves can 
be seen (Figure 5). Simulation results obtained 
in the time dependent study performed with 
Comsol are used to get the time-offset profile 
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Another important aspect is how the 

velocity value at the limiting frequency is 
slightly below of the shear wave velocity. This 
is consistent with the theoretical limit 
corresponding at Rayleigh wave velocity 
because, according with Graff (1975), the R-
wave velocity is about 80% of the S-wave 
velocity. 

 
Finally, it should also be noted how the 

beginning of the ܵ଴ mode is not detected. This 
result was also expected because this phase 
velocity-frequency pairs correspond to a higher 
wavelength values which are not measured 
under our experimental configuration. 

 
 

5. Conclusions 
 

As a conclusion, this Paper shown as 
Comsol Multyphysics simulation software is 
very useful for the study and obtaining 
dispersion curves in plates. The results show 
how the simulation predicts the theoretical 
behavior correctly. Therefore, Comsol can be 
used to compare experimental results with 
theoretical curves and, most importantly, to 
predict how different situations affect the 
dispersion relations for instance: boundary 
conditions, sources and receivers locations, 
different thickness layer, matched layers, or 
different component materials. 

 
Theoretically, Lamb dispersion relations 

haven’t analytical solutions. Therefore 
algorithms based on roots finding are 
necessary for implementing solutions. That is 
the reason why Comsol give us a solution to a 
problem the is useful in acoustic NDE 
experiences.  
 
 
6. References 
 
1.  Miller, R.D., Xia, J., Park, C.B., and 
Ivanov, J.M.,  Multichannel analysis of surface 
waves to map bedrock, Kansas Geological 
Survey, The Leading Edge, December, pp 
1392-1396. 1999 
 
2.   Nazarian, S., Stokoe, II K.H., Briggs, R.C., 
and Rogers, R. Determination of pavement 
layer thicknesses and moduli by SASW 
method, Transp. Res. Rec. 1196, Washington 
DC, pp 133-150. 1987, 

3.  Nazarian, S., Yuan, D., and Tandon, V. 
Structural Field Testing of Flexible Pavement 
Layers with Seismic Methods for Quality 
Control, Transp. Res. Rec., 1654, pp 50-60. 
1999 
 
4. Park, C.B.,et al, Multi-channel analysis of 
surface waves using Vibroseis (MASWV), 
Kansas Geological Survey, 66th Ann. Internat. 
Mtg. Soc. Expl.Geophys., Expanded Abstracts, 
pp 68-71. 1996 
 
5.  Park, C.B., Miller, R.D., and Xia, J. 
Detection of near-surface voids using surface 
wave, Proceedings of the Symposium on the 
Application of Geophysics to Engineering and 
Environmental Problems (SAGEEP 1999), 
Oakland, CA, March 14-18, pp 281-286. 
1999a 
 
6.  Park, C.B., Miller, R.D., and Xia, J. 
Multichannel analysis of surface waves, 
Kansas Geological Survey, Geophysics, Vol 
64, No 3, pp 800-808. 1999c 
 
7.  Ryden, N. SASW as a tool for non 
destructive testing of pavements, MSc thesis, 
Univ. of Lund, Sweden. 1999 
 
8.  Ryden, N., Park, C. B., Ulriksen, P. and 
Miller, R. D. Multimodal approach to seismic 
pavement testing, Journal of Geotechnical and 
Geoenvironmental Engineering, ASCE, Vol. 
130, No. 6, pp 636-645. 2004 
 
9.  Ryden, N., Park, C.B., Ulriksen, P., and 
Miller R.D. Lamb wave analysis for non- 
destructive testing of concrete plate structures, 
Proceedings of the Symposium on the 
Application of Geophysics to Engineering and 
Environmental Problems (SAGEEP 2003), San 
Antonio, TX, April 6-10, INF03. 2003 
 
10.  Ryden, N., and Park, C.B. Surface waves 
in inversely dispersive media, Accepted for 
publication in: Near Surface Geophysics. 2004 
 
11.  Ryden, N., and Lowe, M. Guided wave 
propagation in three-layer pavement structures, 
Submitted for publication to: Journal of the 
Acoustical Society of America. 2004 
 
 
 
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


	conference-button: 


