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Abstract: Crystallization phenomena are of first 
interest in several industrial applications 
(polymer forming processes, metallurgy, phase 
change flow, energy storage...). A classical way 
to model the crystallization evolution is using the 
Nakamura kinetics law. 
In this paper, a novel physics is developed using 
the COMSOL physics builder and accounts for 
the resolution of this Nakamura kinetics. The 
new physics can be used in any COMSOL 
multiphysical model. An example of composite 
forming simulation, which includes the coupling 
with a heat transfer node is presented. 
The new physics is efficient at automatically 
handling couplings (with built-in physical 
magnitudes) but also calls for physical material 
properties with consistent units. Thus, using this 
novel physics will prevents mistakes when 
developing new models. 
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1. Introduction

1.1 Thermoplastic polymer forming 

Thanks to their good specific properties, 
advanced polymers and their composite materials 
tend to replace traditional materials such as 
metallic materials in the industry. Thermoplastic 
polymers and their composites offer new 
possibilities for the industry. Large structures 
can be processed rapidly and more cost-
effectively than when thermoset are used, since 
the latter need to undergo lengthy curing 
reactions. Advanced thermoplastic composites 
very often have a semi-crystalline matrix. This is 
the case for PET, or polyamide but also, for 
advanced polymers such as PAEK. In that case 
the cooling, solidification and final properties are 
ruled by the crystallization phenomenon, which 
is usually thermally induced [1]. 

1.2 Predicting crystallization 

For these materials, crystallization, that occurs 
during the forming process, and especially 
during the solidification phase, plays a critical 
role in the final part quality. For instance, in the 
case of injection moulding, crystallization 
determines the liquid / solid transition and thus 
rules the ejection criteria. In addition, 
crystallization induces shrinkage and residual 
stresses. 
Therefore, polymer forming simulation software 
have to accurately predict crystallization effects. 
Especially during the cooling phase. An accurate 
quantitative prediction is a prerequisite for 
predicting solidification (or gel) time. 
Crystallization depends on both temperature and 
flow histories. Classically at the macroscopic 
scale, one defines a scalar variable, the degree of 
crystallization, which quantifies the advancement 
of the crystallization transformation and varies 
between 0 and 1. 

1.3 Paper outlines 

In this paper, a novel physics is developed in 
COMSOL using the physics builder. It contains 
the crystallization rules presented in section 2. 
We focus on the thermal quiescent 
crystallization. Indeed, temperature history 
appears to play the dominant role in 
crystallization effects, in forming processes. By 
essence this problem is thus multiphysical since 
heat transfer and crystallization effects both have 
to be predicted simultaneously (see Figure 1). A 
typical model, including a heat transfer node and 
the newly developed crystallization node, is then 
developed in COMSOL (section 4). 

Figure 1. Heat transfer and crystallization coupling is 
a classical multiphysical problem when dealing with 
solidification of semi-crystalline polymer. 
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2. Robust modeling of polymer 
crystallization 
 
2.1 Crystallization kinetics 
 
Evolution of the degree of crystallization α is 
ruled by the crystallization kinetics. First kinetics 
models were based on geometrical, nucleation 
and growth rate assumptions [2]. Nakamura [3] 
extended these models to account for non-
isothermal conditions. The Nakamura law is 
written: 

  (1) 
where t is the time, n is the Avrami index and 
K(T) is the Nakamura kinetics crystallization 
function which is related to the Avrami 
isothermal kinetics function KAvrami(T) by K(T)= 
KAvrami(T)1/n. In the following, the function G(α) 
is called Nakamura function. It is represented in 
Figure 2. 
The Nakamura crystallization kinetics is very 
widely used to predict advancement of the 
crystallization transformation in polymer 
forming processes [1, 4, 5, 6, 7]. 
 
 

 
Figure 2. The original Nakamura function G (eq.1) is 
singular when α=0 and when α=1 (vertical tangent, 
represented by the red arrows). In the proposed 
modified extrapolation, a thresholding is performed 
below αmin, and a linear extrapolation above αmax. 
 
 
2.2 Modified Nakamura kinetics 
 
Nakamura function G presents singular 
derivative at the vicinity of α=0 and α=1. 
Therefore, a modification of the Nakamura 
function is proposed by extrapolating it below 

αmin=10-6 and above αmax =1-10-6. These 
modifications, discussed in a recent work [8], are 
illustrated in Figure 2. They ensure: 

(i) a robust numerical integration by forcing 
real values of G when α is not in the 
interval [0,1], and 

(ii) forces an artificial germination when 
α=0. 

 
2.3 Heat transfer coupling 
 
In real industrial process, as illustrated in Figure 
1, the coupling of crystallization kinetics and 
heat transfer is of first interest. Crystallization 
kinetics and its domain dependent variable α is 
strongly coupled to heat transfer and its domain 
dependant variable : the temperature T. 
On the one hand, crystallization is an exothermic 
reaction such that a source term 

  (2) 
appears in the heat transfer equilibrium equation, 
ρm being the material density (matrix density in 
case of a composite) φm the volume content of 
matrix and H the enthalpy of crystallization.  
Moreover, thermal properties (conductivity, 
density and specific heat) depend on the degree 
of crystallization. These dependencies are 
imposed by the material behaviour. 
On the other hand, temperature appears as a 
driver to the crystallization kinetics. It appears 
explicitly with the Nakamura kinetics 
crystallization function K(T) in equation 1.This 
function is also temperature dependent. A typical 
example for PEEK is given in Figure 3. 
 

 
Figure 3. Avrami kinetics crystallization function 
KAvrami and Avrami index n versus temperature for 
PEEK polymer, as characterized by Tardiff et al [9].  
 
 

2

2. METHOD

2.1. Problem definition

The most common thermal crystallization models are derived from Avrami model [8]. Under
Avrami assumptions (uniform germs location, instantaneous growth after activation, given
crystal growth morphology [9]), isothermal crystallization evolution writes:

α = 1− exp (−Kavt
n) .

Integral form. In the seventies, Nakamura et al. [10] extended the Avrami model to account
for non-isothermal crystallization. In its initial form, the degree of crystallization was given as
the integral form:

α = 1− exp

[
−
(∫ t

0

K (T ) dt

)n
]

(1)

where n is the Avrami index and K (T ) is the Nakamura kinetics crystallization function

which is related to the Avrami isothermal kinetics function k (T ) by K (T ) = k (T )1/n. This
expression was also obtained by Billon et al.[11, 12].

The Nakamura model proved efficient at modelling crystallization of different polymer
systems [13, 14].

Differential form. Patel & Spruiell [5] suggested to use the differential form of equation (1)
which writes

dα

dt
= K (T )× n (1− α) [− ln (1− α)]1−

1
n

︸ ︷︷ ︸
G(α)

. (2)

The Nakamura function G is plotted over ]0, 1[ in figure 1.
This differential form, a first order nonlinear ordinary differential equation, is more natural

to implement and solve numerically, especially in a multiphysical framework [15, 16, 17, 18, 19,
20, 21, 22]. The initial state of the material (amorphous or semi-crystalline) should be given
as an initial condition for α.

Even though several polymers exhibit more complex crystallization behaviour, Nakamura
law 2 very often appears in the kinetics. This is the case for instance with kinetics accounting
for secondary crystallization, where a double Nakamura law can used [23, 24].

Kamal and Chu Model. In the eighties, Kamal and Chu [25] proposed a modification of
the Avrami and Nakamura model where

α = 1− exp

(
−
∫ t

0

K (T ) tn−1dt

)
. (3)

This kinetics, or its differential form, were used in several characterization [26, 22, 24] or
application [19]. Nonetheless, as discussed in the paper by Patel & Spruiell [5] this Kamal
& Chu formulation (eq. (3)) is empirical. Therefore, this paper will focus on the Nakamura
equation in its differential form (2).

Artificial germination. In its differential form, because G (0) = 0, an initial fully amorphous
state α (t = 0) = 0 would never induce any crystallization. Thus, it is a common usage to
consider an artificial initial germination

α (t = 0) = ε

where ε is a small value. To the authors knowledge, its influence has never been fully
investigated in the literature and will be discussed hereunder.
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3. Implementation of a dedicated physics 
in COMSOL 
 
In a physical domain, the degree of 
crystallization α has to be solved for at each 
location in space. The ruling ODE (eq. 1) could 
be implemented in any COMSOL model using 
the domain ODE node. After having done so for 
several years, with multitude of models, we 
decided to implement this Nakamura kinetics in 
a novel physics node, using the physics builder 
in COMSOL. First, this enables to implement 
once and for all the Nakamura function 
modification (see Fig. 2). Then, it simplifies 
eventual coupling with heat transfer (exotherm 
computation, for instance). And finally, it eases 
the creation of new models by providing readily 
available physical material properties (see Fig. 
3). In addition, all the variables now have 
physical names and consistent units. This 
prevent mistakes while developing new models. 
 
3.1 Domain and dependent variable 
 
The Nakamura kinetics equation (1) has to be 
solved at each material location to obtain the 
field of degree of crystallization α. Thus, α is 
defined as the dependent scalar variable over a 
domain which dimension can be either 0, 1, 2 or 
3D. A Crystallisation domain feature node is 
added in the physics builder as the default node. 
 
3.2 Material properties and user input 
 
Equation (1) calls for two material properties, the 
Avrami index n and the Nakamura kinetics 
function K. These two new material properties 
are added in the physics builder (see figure 4). 
Note that the user will eventually have to input 
the thermal dependency of K in the model (for an 
example see section 4). In terms of parameter 
input for the Nakamura model, only two scalars, 
αmin and αmax, are required. 
 

 
Figure 4. Specific material properties appearing in the  
Nakamura law (1) are implemented in the physics 
builder.  
 

 
Figure 5. Exotherm computation is automated by 
adding a domain feature node. This node only 
performs exotherm computation and does not require 
any input. 
 
 
The exotherm Q (eq.2) can be computed 
automatically. This is performed in the physics 
builder by adding a domain feature node that 
includes the domain variable exotherm. In 
addition to this node, two new material 
properties (ρm and φm) are needed (see figure 5). 
 
3.4 Coefficient form PDE 
 
The right hand side of equation (1) is 
implemented by adding a new domain variable 
RHS. Then, the ordinary differential equation (1) 
is solved for, by adding a coefficient form 
equation in the physics builder. 
The newly developed physics is then added in 
the local physics library using the physics 
manager. It is now readily available to the 
COMSOL user to be added in multiphysical 
model. 
 
4. Application: simulating the cooling of a 
thermoplastic composite plate 
 
In this section, the quiescent cooling of a 
thermoplastic composite square is modeled in 
COMSOL. Heat transfer is handled using a heat 
transfer node whereas crystallization physics is 
added using the newly developed node. Full 
coupling shown in Figure 1 is taken into account. 
 
4.1 Modelling 
 
A square of dimension 2x2cm is sketched in a 
2D model in COMSOL.  
 
Heat transfer. Standard heat transfer in solid 
node is added. Thermal material properties are 
adapted from the literature and model an 
orthotropic Carbon/PEEK composite [4,9,10]. 
Thermal material properties depend on 
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temperature and degree of crystallization (see 
fig.6). Classically, the properties are 
characterized versus temperature for amorphous 
(α=0) and fully crystalline (α=1) states. A 
mixture law is then used to get thermo- and 
crystallo- dependent properties. 
An initial temperature of 300°C is imposed in the 
whole domain. Symmetry is imposed on the left 
and lower boundaries. A convective heat flux to 
an external temperature of 230°C with an 
exchange coefficient h=20Wm-2K-1 is considered 
on the upper and right boundaries. The heat 
source arising from the crystallization exotherm 
is also added automatically by calling the 
exotherm variable (see Figure 7). 
 
Crystallization. The crystallization node is 
added in the model and enables for the resolution 
of the Nakamura crystallization kinetics at each 
point. 
The missing material properties automatically 
appears in the material node (see Figure 8). 
Values from the literature [9] were implemented. 
Note that the temperature dependency is 
accounted for here. 
 
 

 
Figure 6. Thermal material properties depend on 
temperature and degree of crystallization. For an ease 
of implementation, material « functions » are 
extensively used. 
 
 
 

 
Figure 7. Exotherm variable is directly called in a heat 
source node and prevents mistakes while developing 
new models. 
 

 
Figure 8. Material properties related to the 
crystallization kinetics automatically appear with the 
right units in the material node. Temperature 
dependency is to be implement here by the model 
user. 
 
 
An initial value of the degree of crystallization is 
set to 0 in the whole domain and models an 
initially fully molten material. Note that even if 
imposing α=0, crystallization will be initiated 
artificially thanks to the non-zero value of αmin. 
Exotherm computation domain feature is also 
added for a fully coupled resolution as depicted 
in Figure 1. 
 

 
Mesh and resolution. A default triangular mesh 
using “fine” size is used. The time dependant 
study is performed between 0 and 150 s. 
Solutions are stored every 10 seconds. 
The solving methods are the default ones 
proposed by COMSOL except that a maximum 
time stepping of 1 s is imposed in the time 
dependent solver. Indeed, crystallization is an 
event that will occur while cooling the material 
down. Large time stepping may result in missing 
this event. A correct time stepping, featuring 
automatic time stepping with a maximum time 
step size, is thus required [4]. 
 
4.2 Results 
 
Temperature and degree of crystallization fields 
are obtained versus time. This information are 
shown in figure 9 at time t = 90 s. They prove 
very useful to better understand a forming 
process (such as injection or compression 
moulding for instance). In particular, of interest 
is the time at which the material is crystallized to 
the core. This corresponds to the time when the 
material is fully solid. This is the end of the 
forming phase and the part can eventually be 
ejected [11]. 
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Figure 9. Prediction of the cooling and solidification 
of a composite plate. The surface plot represents 
degree of crystallization, the lines are isothermals and 
the arrows heat flux. Plot is at time t=90s. 
 
4.3 Discussion 
 
The novel crystallization physics node proves 
useful at efficiently implementing a coupled heat 
transfer and crystallization problem. 
Nonetheless, some numerical considerations 
should be discussed. 
First the above resolution is efficient and 
accurate because the crystallization transition 
zone is wide compared to the mesh and part size. 
In the case of thick or large geometries and/or 
faster cooling cycles, crystallization fronts may 
appear. An accurate modelling of such a sharp 
transition zone would require automatic 
remeshing method, as described in [4]. This is 
possible to implement in COMSOL but we are 
waiting for future versions to provide a better 
remeshing algorithm. 
Then, the present test case considers a quiescent 
material. In the case of flowing material, a 
convection term should be added to eq. 1 and the 
coefficient form PDE (section 3.4) and may 
require special care to ensure stability. 
 
5. Conclusions 
 
Thermal crystallization is a phenomenon that 
appear in several multi-physical applications 
(forming processes, phase change flow, energy 
storage...). An accurate modelling of the 
crystallization (solidification) phenomenon is 
thus required. The Nakamura law is a standard 
cristallization kinetics. 
In the presented work, a novel physics was 
implemented using the physics builder in 

COMSOL and solves for the Nakamura 
crystallization (a local ordinary differential 
equation). The new physics node can be used in 
any time dependent 0,1,2 or 3D multiphysical 
COMSOL model. It enables to compute the field 
of degree of crystallization versus time. 
The use of this new physics was illustrated in a 
model example of the cooling and solidification 
of a thermoplastic composite part. 
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