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Motivation: Partial differential equations (PDEs) in multiple dimensions may
often be solved in a lower dimension if the problem domain contains a sym-
metry (cylindrical, spherical, translational, etcetera).

e In the case of a helical symmetry, the common strategy to solve PDEs in a lower dimension is
a transformation into helical coordinates. This increases the complexity of equations and it has
only been used for problems with PDEs of little complexity (Wang 2006, Pozrikidis 2006).

e Helical symmetric problems with complicated PDEs, like turbulent flow, are not solved using of
the helical symmetry but make use of a periodic symmetry only. This is done by studying a small
piece of the domain and applying periodic boundary conditions (Kim 2000, Pisarenco 2009).

Proposal: For problems involving PDEs with helical symmetry we propose
a method, with both low computational costs and low complexity, that re-
duces the domain to a 2D axial plane while retaining 3D Cartesian coordi-
nates.

e By dropping the axial direction from the domain, the derivative in this direction is not computed.

e The equations are made complete by rewriting the derivative in axial direction in terms of deriva-
tives in the directions tangent to the axial plane.

e This is only a minimal transformation compared to a full transformation into helical coordinates.

Substitution rules for the partial derivative in axial direction: A substitution
rule for the partial derivative in axial direction is derived using the equiv-
alence relation that relates the solution in the entire domain (a vector, or
other dependant variable v in the point x°) to the solution in the axial plane
at xc =0 (v° in the point x?).

Figure 1 displays an intuitive view of the relation from which the substitution is derived. The relation
IS based on rotations of coordinates, Sg, and vectors, T§'. Using the Cartesian coordinates x?, xP.
x¢ and the Einstein summation convention for Greek letters, the equivalence relation from which
to derive the substitution can be expressed as:

ve(x”) = T{vO(S)x7)

cos(rx°®) —sin(rx¢) 0 cos(rx°) sin(rx°) 0 (1)
with Is = | sin(rx°) cos(rx®) 0 and 875 = | —sin(rx¢) cos(rx°¢) 0
0 0 1 0 0 0

Derivation of equation 1 (where v’j IS the |-th partial derivative of the i-th vector component), apply-
iIng Leibniz’s product rule and chain rule, and evaluating in the plane x¢ = 0 such that cos(rx¢) = 1
and sin(7x¢) = 0, leads to the following substitution equations for derivatives of the coordinate x¢:

a ayb a ya b a a b a ya a b a a b
Ve =T(VEX® — VXS = V7)), Vo =T(VpaXT — VipXT + V3 — V), Ve =7(VaaX

a a a b
— VapX® =V — v,a)

’b b b b ya a b b b b ya b a b b b b ya b a
Ve =T(VaX® — VX +va) | Vi =1(Vp X" — VEpXT+ V2 +Vy) . Vi =T(V2aX" — VX% — Vi + V)
c c yb C y@a Cc C b C ya c c C b C y@a Cc
Ve =T(VaX® — vipx©) , Vhe =T(Vpa X" — Vipp X + V) , Ve =T(VaaX” — VipXx® —vy)
V2, = T2(VEpXAX? + V3 XxPxP — 2va xxP — vAx2 — v xP — 2vHXP + 2vE x? — vA)
VB = 72(VRpXAX? + v xPxP — 2vB xaxP — vBX? — v xP — 2vExXP + 2vE x@ — vP) (2)

byb

VS = T2(V§, XX + v xPxP — 2vE, x3xP

C ya C yb
— VX9 —vix©)

Application to corrugated tubes: As an example the substitution method is
applied to the problem of turbulent flow in a helically symmetric corrugated
tube.

The k-g turbulent model (Kalitzin 1997, cited in Kalitzin and lacarrino 2002) is used to describe a
stationary state of the fluid motion. In this model the second closure equation uses the parameter

g = w/# and reads 9;g+ Uu-Vg = —Oz%Pk + g—éu — (v + ogi) ng Vg +V [(v+ogrt) VG].

Stability Computations were performed in COMSOL using the weak form PDE module. The
stability of convergence was improved by gradually refining the mesh and increasing the pressure
gradient (see Figure 2). Other keywords in improving the stability of convergence for this case:
iteration damping factor, discretization, pseudo time stepping and pivoting perturbation.

Results A large range of values and parameters can be swept due to the low computational costs.
Figure 3 displays results of such a sweep study in a pressure chart. Large variations in the friction
factor, depending on the parameters, occur in the turbulent transition zone. In the turbulent region
the helical tubes have a higher friction factor than tubes with similar relative roughness.

Discussion This method is very efficient and appears to be promising for further analysis of a
full range of dimensionless parameters describing the corrugation geometry as well as studying
differences of corrugations shapes. It is also desirable to include heat transfer into the two dimen-
sional analysis but this may be more difficult since the temperature distribution along a tube is not
constant and hence the solution has no helical symmetry.
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